Let M be a complex manifold and L an oriented real line bundle on M equipped with a flat connection. An LCK ("locally conformally Kähler") form is a closed, positive (1,1)-form taking values in L, and an LCK manifold is one which admits an LCK form. Locally, any LCK form is expressed as an L-valued pluri-Laplacian of a function called LCK potential. We consider a manifold M with an LCK form admitting an LCK potential (globally on M), and prove that M admits a positive LCK potential. Then M admits a holomorphic embedding to a Hopf manifold, as shown in [OV1] .
Introduction
There are several equivalent ways to define locally conformally Kähler (LCK) manifolds, but the most appropriate for the present paper is the following. Let M be a complex manifold and L an oriented real line bundle on M equipped with a flat connection. An LCK form is a closed, positive (1,1)-form taking values in L, and an LCK manifold is one which admits an LCK form. For a more explicit and detailed exposition, see Subsection 2. On a compact complex manifold, any plurisubharmonic function is constant, and this means that such a manifold cannot have a global Kähler potential. However, an LCK manifold might have a global LCK potential -this was first observed in [Ve] and [OV1] and much used since then ( [G] , [OV2] , [OV3] , [OV4] , [O] and so on). In the first papers on this subject, the LCK potential was assumed to be positive, but then we realized that the existence of a potential is a cohomological notion, see Remark 2.10, and the focus was shifted on the study of the corresponding cohomology group.
LCK manifolds with potential enjoy several properties which make this notion quite useful. First, unlike the LCK manifolds (and like the Kähler manifolds) the class of LCK manifolds with potential is "deformationally stable": a small deformation of an LCK manifold with potential is again LCK with potential. Also, any LCK manifold M with potential, dim C M > 2, can be holomorphically embedded in a Hopf manifold C n \{0}/Z, and, conversely, any complex submanifold of a Hopf manifold is LCK with potential.
To reconcile the cohomological and geometrical approach, we need to prove that any LCK manifold with the LCK-form ω in the image of d θ d c θ admits another LCK potential which is positive, and this is the aim of the present paper.
The obvious solution which one would use in Kähler case (adding a constant) does not work, because the operator d θ d c θ does not vanish on constants. However, we were able to find a positive function h such that
gives us an LCK form with positive potential in the same cohomology class.
For a while we tried to prove that any LCK potential for compact LCK manifolds is positive, but this claim was wrong; we are grateful to Victor Vuletescu who disabused us of this fallacy.
Vuletescu's example is the following. Take a Hopf manifold C n \{0}/Z where Z acts by multiplication by λ > 1 and let L be the local system with the same Subsections 2.1 and 2.2 are devoted to presenting the precise definitions and results that will be further used, and to stating the main result of the paper. Section 3 recalls a classical Remmert Reduction Theorem. Section 4 extends Demailly's technique of gluing Kähler metrics to the LCK setting. In Section 5 we begin the proof of our main result, showing that an LCK potential cannot be strictly negative, while in Section 6 we prove that an LCK potential ϕ which is positive somewhere can be glued with another one which is positive on the set where ϕ < 0 to obtain an LCK potential which is strictly positive. 
(2.1) Remark 2.2: As shown by Vaisman (see [DO, Theorem 2 .1]), a compact locally conformally Kähler manifold with θ non-exact cannot admit any Kähler form. On the other hand, an LCK form can be made into a Kähler one whenever θ is exact; indeed, if θ = d f , the form e − f ω is Kähler. Such a manifold is sometimes called "globally conformally Kähler". Throughout this paper, we shall tacitly exclude this case and assume that θ is non-exact for any closed LCK manifold we consider.
An equivalent definition is given as follows (see e.g. [DO] ): Proposition 2.3: A complex manifold (M , I ), of complex dimension at least 2, is LCK if and only if it admits a covering π :M −→ M endowed with a Kähler form ω with the deck group Aut M (M ) acting on (M,ω) by holomorphic homotheties.
is the scale factor. This defines a character
Definition 2.4: Differential formsη onM which satisfy γ * η = c γη for any deck transform map γ ∈ Aut M (M), where c γ := χ(γ) = 1, are called automorphic. In particular,ω is automorphic.
We shall denote by L the flat line bundle on M associated to this character (it is precisely the bundle of densities of weight 1 from conformal geometry). We fix a trivialization v of L such that θ is a connection form in L. The complexification of L, considered as a holomorphic line bundle, will be denoted with the same letter (it will be clear from the context which one we refer to). This holomorphic line bundle is equipped with a natural Hermitian metric which is constant on v. We shall call L simply the weight bundle, which is a standard term in conformal geometry. 
LCK manifolds with potential
In [OV1] we introduced the folowing subclass of LCK manifolds, which, as we proved, share essential features of Kähler manifolds: stability at small deformations and the Kodaira-type embedding theorem, providing a holomorphic embedding into a Hopf manifold.
Definition 2.8: An LCK manifold with potential is a manifold which admits a Kähler covering (M ,ω) and a smooth functionφ :M → R >0 (the LCK potential) satisfying the following conditions:
(i)φ is proper, i.e. its level sets are compact;
(ii)φ is automorphic, i.e. τ
For the geometric interpretation of these conditions, see Section 1.
Example 2.9: Vaisman manifolds are LCK manifolds (M , g , θ) with paralel Lee form (with respect to the Levi Civita connection of the LCK metric). The π * gsquared norm of π * θ is a positive, automorphic potential on the universal cover
). In particular, diagonal Hopf manifolds are LCK with potential and, by stability at small deformations, non-diagonal Hopf manifolds (which are non-Vaisman) are LCK with potential too, [OV1] .
On the other hand, Inoue surfaces ( [O] ), and the LCK Oeljeklaus-Toma manifolds ( [OV8] ) are not LCK with potential, and hence this subclass is strict. In particular, a compact LCK manifold with potential has LCK rank 1 if and only if the automorphic potential is proper.
Remark 2.12: Examining the proof, one can see that it equally works for ϕ < 0: what is important is that ϕ does not pass through zero. Definition 2.8 can be reformulated to avoid the Kähler cover. 
Remark 2.14: Note that the LCK potential ϕ above is defined on the manifold M , which is often compact. It is not a Kähler potential in the usual sense.
Automorphic potentials can be approximated by proper ones, and hence the properness condition in the definition is not essential as long as one is only interested in complex and differential properties (and not in metric ones).
This paper is instead concerned with the positivity of the potential. The main result of this paper is the following theorem. The main tool in the proof will be the gluing of LCK metrics (see Section 4) which is based on Demailly's regularized maximum of two functions. to a Hopf manifold. It is proven by taking an average of the LCK form with respect to the circle action and noticing that its Bott-Chern class vanishes.
Now the results are true as stated.
Remmert Reduction Theorem
For the sake of completion, we quote here, without proof, a classical result we shall use further on.
Theorem 3.1: (Remmert reduction, [Re] ) Let X be a holomorphically convex space. Then there exist a Stein space Y and a proper, surjective, holomorphic map f : X −→ Y such that
Moreover, the fact that Y is Stein and (i) imply:
(ii) f has connected fibers. 
-plurisubharmonic functions
In [D1] , the notion of a regularized maximum of two functions was defined as follows.
Definition 4.1: ([D1])
Choose ε > 0, and let max ε : R 2 −→ R be a smooth, convex function, monotonous in both variables, which satisfies max ε (x, y) = max(x, y) whenever |x − y| > ε. Then max ε is called a regularized maximum. 
Gluing of LCK potentials
The following procedure is well known; it was much used by J.-P. Demailly (see e.g. [DP] ), and, in LCK context, in our paper [OV5] . We call it "Gluing of Kähler metrics". Proof: Suppose, by absurd, that ϕ 0 everywhere onM. Since the LCK potential is stable under C 2 -small deformations of ϕ, ϕ−ε is also an LCK potential. Therefore, we may assume that ϕ < 0 everywhere. Define
Since x −→ −log(−x) is strictly monotonous and convex, the function ψ is strictly plurisubharmonic. Moreover, for every γ ∈ Γ, we have
Therefore, the Kähler form d d c ψ is Γ-invariant and descends to M .
LCK potentials on Stein manifolds
6.1 Submanifolds with strictly pseudoconvex boundary and positivity of LCK potentials
2 -topology on the set of all functions ϕ on M . Adding a C 2 -small function to ϕ if necessary, we may assume that 0 is a regular value of ϕ. The pullback of ϕ
toM is the set of zeros of a Kähler potential. Therefore, it is strictly pseudoconvex, and the same is true about ϕ −1 (0). Since ϕ −1 (c) are C 2 -close to ϕ −1 (0) as subvarieties for small c, these sets are also strictly pseudoconvex.
Choose a regular value c > 0 of ϕ such that ϕ −1 (c) is non-empty and pseudoconvex. Then ϕ −1 (c) is a strictly pseudoconvex CR-submanifold in M , and
is a strictly pseudoconvex set with boundary. Note that the interior of D is an open submanifold in M , and hence it is LCK.
Then our main result (Theorem 2.16) follows from the gluing theorem (Proposition 4.5) and the following result about LCK manifolds with pseudoconvex boundary. 
Clearly, 1-automorphic holomorphic functions onD correspond to holomorphic sections of L. Since D is Stein, the space of sections of a holomorphic bundle is globally generated; this assures the existence of sufficiently many holomorphic sections of L. Then, for a sufficiently big collection f i of sections of L, the sum | f i | is positive everywhere on D. This gives an 1-automorphic plurisubharmonic function onD.
We have proven that D admits a positive LCK potential. To obtain a potential which is constant on ∂D, we perform the following trick.
Let { f 1 , ..., f n } be the set of holomorphic sections of L without common zeros on ∂D. Such a set exists and is nonempty because the pushforward of L to a Stein variety D 0 is globally generated. The following claim finishes the proof of Theorem 6.3, because | f i | · |b| is the length of the section f i b of L for any holomorphic function b on D.
Claim 6.4: Let {a 1 , . . . , a n } be a collection of non-negative functions on a complex manifold D with a smooth strictly pseudoconvex boundary. Assume that a i have no common zeroes on the boundary. Then for any positive function A on the boundary there exists a collection {b 1 , . . . , b n } of positive functions such that A = a i b i and each b i can be obtained as the limit of a sum of absolute values of holomorphic functions.
Proof.
Step 1: By a theorem of Bremmermann ([Bre1, Theorem 2]), every positive plurisubharmonic function on a pseudoconvex manifold is Hartogs, that is, it belongs to the closure of the cone generated by absolute values of holomorphic funcions. Therefore, it would suffice to find a sum A = a i b i with b i positive, continuous and plurisubharmonic.
Step 2: By another theorem of Bremmermann ([Bre2, Theorem 7.2]), any function on the boundary of a bounded holomorphically convex domain can be extended inside to a plurisubharmonic function b. Applying this result to log A and then taking the exponential, we can make sure that b is positive. To prove Claim 6.4, it remains to find a collection of positive continuous functions {b 1 , . . . , b n } on the boundary of D such that A = a i b i .
Step 3 
